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Probability Distributions
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5.1. PROBABILITY

Here we define and explain certain terms which are used frequently.

(a) Trial and event. Let an experiment be repeated under essentially the same
conditions and let it result in any one of the several possible outcomes. Then, the experiment
is called a trial and the possible outcomes are known as evenis or cases.

For example{(i) Tossing of a coin is a trial and the turning up of head or tail is an
eventsy

(ii) Throwing a die is a trial and getting 1 or 2or 3or 4 or 5 or 6 is an event.

(_(6) Exhaustive events. The total number of all possible outcomes in any trial is known

as exhaustive events or exhaugtive cases.) e

For example: &J In togsing a coin, there are two exhaustive cases, h.ead and tail. -

(ii) In throwing a die, there are 6 exhaustive cases, for any one of the six faces may turn

up.
i (iii) In throwing two dice, the exhaustive cases are 6 x 6 = 62 for any of the_ 6 numbers
from 1 to 6 on one die can be associated with any of the 6 numbers on the other die.

In general, in throwing n dice, the exhaustive cases are 6”.

(c{ Favourable events or cases. The cases which entail the happening of an event are
said to be favourable to the evenf) It is the total number of possible outcomes in which the
specified event happens.

For example: (i) In throwing a die, the number of cases favourable to the appearance
of a multiple of 3 are two viz. 3 and 6 while the number of cases favourable to the appearance

of an even number are three, viz., 2, 4 and 6.
(i) In a throw of two dice, the number of cases favourable to getting a sum 6 is 5,
viz., (1,5); (5, 1); (2, 4); (4, 2); (3, 3).)
(d) Mutually exclusive events. Events are said to be mutually exclusive or tncompat-

ible if'the happening of any one of them precludes (i.e., rules out) the happening of all others”]

i.e., if no two or more than two of them can happen simultaneously in the same trial.
For exnmple:&;'l) In tossing a coin, the events head and tail are mutually exclusive,
since if the outcome is head, the possibility of getting tail in the same trial is ruled out. .
(ii) In throwing a die, all the six faces numbered, 1, 2, 3, 4, 5, 6 are mutually exclusive
since any outcome rules out the possibility of getting any other.
Cle Equally likely events. Events are said to be equally likely if there is no reason 0
expect any one in preference to any other)
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.. For example: (i) When a card is drawn from a well shuffled pack, any card may appear '
in the draw so that the 52 different cases are equally likely.
i) In throwing a die, all the six faces are equally likely to come.]

Independent and dependent event‘_'l'wo or more events are said to be tndependent
if the happening or non-happening of any one does not depend (or is not affected) by the
happening or non-happening of any other. Otherwise they are said to be dependent)

For example. If a card is drawn from a pack of well shuffled cards and replaced before
drawing the second card, the result of the second draw is independent of the first draw. How-
ever, if the first card drawn is not replaced, then, the second draw is dependent on the first
draw.

5.2. MATHEMATICAL (or Classical) DEFINITION OF PROBABILITY

If a trial results in n exhaustive, mutually exclusive and equally likely cases and m of
them are favourable to the happening of an event E, then the probability of happening of E 1=
given by
Favourable number of cases m
porPI(E)= - = —

Exhaustive number of cases n

Note 1. Since the number of cages favourable to happening of E is m and the exhaustive number
of cases in n, therefore, the number of cases unfavourable to happening of E are n - m

Note 2. The probability that the event E will not happen i3 given by

Unfavourable number of cases n-m m

P(E) - = =l-—=1-
i " " Exhaustive number of cases n n P

p+g=1 ie, PE)Y+PE)=1
Obviously, p and g are non-negative and cannot exceed unity, te., 0sps1,0sgsl
Note 3. If P(E) = 1, E is called a certain event i.e., the chance of its happening is cent per cent.
If P(E) = 0, then E is an impossible event.

Note 4. If n cases are favourable to E and m cases are favourable to E (i.e., unfavourable to E),
then exhaustive number of cases = n + m.

P(E)= —— and P(E)=
rR+m n+m

We say that “odds in favour of E” are n : m and “odds against E” are m : n

ILLUSTRATIVE EXAMPLES

E%‘lﬁple 1. A bag contains 7 white, 6 red and 5 black balls. Two balls are drawn at
random. Find the probability that they will both be white.

Sol. Total number of balls =7 + 6 + 5= 18.

Out of 18 balls, 2 can be drawn in ¥C, ways.

18 x 17
Exhaustive number of cases = *C, = _EJ;—I

& Tx6
Out of 7 white balls, 2 can be drawn in 'C, = ax1 " 21 ways.

=153

Favourable number of cases =21
21 i

Required probability T
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Example 2. Four cards are drawn from a pack of cards. Find the probabulity that ()
are diamonds, (ii) there is one card of each suit, and (iii) there are two spades and two } all
Sol. 4 cards can be drawn from a pack of 52 cards in *C, ways. .
80 - 52x51x50x49
) 1 4x3x2x1
(i) There are 13 diamonds in the pack and 4 can be drawn out of them in 130 ways,
4 N

Exhaustive number of cases = 270725,

Favourable number of cases = 13C, = 13x12x11x 10 = 715.
'3 4x3x2x1
Required probability 2 715 143 11

_ 270725 54145 4165
(i2) There are 4 suits, each containing 13 cards.
Favourable number of cases = ¥C, x M€, x ¥C, x 13C, = 13 x 13 x 13 x 13

Required probability = 18x13x13x13 _ 2197

> 2707256 20825 °
(¢t) 2 spades out of 13 can be drawn in 15C, ways.

2 hearts out of 13 can be drawn in 13C, ways.
Favourable number of cases = 13C, x BC, =78 x 78

_78xT78 468
270725 20825
Example 3. A bag contains 50 tickets numb
; ered 1,2, 3, ......, 50, hi
at rand_ofn and arranged in ascending order of magnitude (x, < x, < x ‘iw ‘:h Sy df‘uwn
probability that x,=307? M i
Sol. Exhaustive number of cases Cs-
If x, = 30, then the two tickets with numbers
Lk 5 ! x; and x, must come out of i
nu:ﬂ‘.u. red 1 to 29 and this can be done in ¥C, ways. Tl:e Othe: two tickets with ‘:mii:b:lcketa
fnd £; must come out of the 20 tickets number 31 to 50 and this can be done in 20C, w .
Favourable number of cases = 8C, x o T

o Toyx®c. g1

Mo, 15134

Required probability

Required probability

5.3. RANDOM EXPERIMENT

For example, rolling of a die, tossing a coin taking out balls from an
» urn.
; —Ssmple Space. Out of the several possible outcomes of a random i and
only one can take Place in a trial. The set of a]) these possible outco .expell'iment, .
space for the particular experiment and is denoted by P S

For example, if a coin is tossed, the ;
d possibl :
Thus S=q  oeeible outcomes are H (Head) and T (Tail).
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Sample Point. The elements of S, the sample space, are called sample points.

For example, if a coin is tossed and H and T denote ‘Head’ and “Tail' respectively, then
§={H,T.

The two sample points are H and T,

Finite Sample Space. If the number of sample points in a sample space is finite, we
call it a finite sample space. (In this chapter, we shall deal with finite sample spaces only).

 Event. Every subset of S, the sample space, is called an event.
Since S ¢ §, S itself is an event; called a certain event.
Also, ¢ C 8, the null set is also an event, called an impossible event.

Ife € S, then ¢ is called an elementary event. Every elementary event contains only
one sample point.

5.4. AXIOMS

(£) With each event E (i.e., a sample point) is associated a real number between 0 and 1,
called the probability of that event and is denoted by P(E). Thus 0 < P(E) < 1.

(1) The sum of the probabilities of all simple (elementary) events constituting the sam-
ple space is 1. Thus P(S) = 1.

(ti1) The probability of a compound event (i.e., an event made up of two or more sample
events) is the sum of the probabilities of the simple events comprising the compound event.

Thus, if there are n equally likely possible outcomes of a random experiment, then the
sample space 8 contains n sample points and the probability associated with each sample

point is % [By Axiom (i)
Now, if an event E consists of m sample points, then the probability of E is
| L
PE)e —4+— 4 .. m times = —
n n n

_ Number of sample points in E
" Number of sample points in S °
Thie closely agrees with the classical definition of probability.

5.5. PROBABILITY OF THE IMPOSSIBLE EVENT IS ZERO, i.e., P (¢) = 0

Proof. Impossible event contains no sample point. As such, the sample space S and the
impossible event ¢ are mutuaily exclusive.

= Sudp=S8 =
=  P(8)+ P9 =P8 =

P(Su ¢) = P(8)
Pi$) = 0.

5.6. PROBABILITY OF THE COMPLEMENTARY EVENT A or A® OF A IS GIVEN BY
P (A) = 1-P(A)

Proof. A and A are disjoint events. Also AU A = S
P(Aw A) =P(S)
= P(A) + P(A) = 1 Hence P(A) = 1 - P(A).

I—— " S |
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5.7. FOR ANY TWO EVENTS A AND B, P(A ~ B) = P(B) - P(A " B)
P(A U B) = P(A) + P(B) - P(A n B). .
Note 1. If A and B are two mutually disjoint events, then A ~ B = ¢, so that PIA ~ Bi = Pig) = 0 :
P(A s B) = P(A) + P(B).
Note 2. P(A U B) is also written as P(A + B), Thus, for mutually disjoint events A and B,
P(A + B) = P(A) + P(B).

P(A ~ B) is also written as P(AB).

Proof. AnB=[p:pe Bandp ¢ Al
Now A ~ B and A n B are disjcint sets and
(AnB)UANBI =B

= P[(A n B) U (A~ B) =P(B)
= P(A ~B)+ P(A~ B)=P(B)
5 P(& AB) = P(B) - P(A r B). 5.11. IF A, B AND C ARE ANY THREE EVENTS, THEN

P(AUBUC)=P(A) + P(B) + PIC)-PARB) -P(BNC)-PICr A+ PA~B O)

Or
P(A + B + C) = P(A) + P(B) + P(C) - P(AB) - P(BC) - P(CA) + P(ABC).
Proof. Using the above Art. 5.10 for two events, we have

Baae PAAUBUC) =PlAUB)uUCl
=P(AuB)+PIC)-Pl(AuB)n C]

=[P(A) + P(B)-P(AnB)] + PIC)-PA~C) (B~ C)

Note. Similarly, it can be proved that P(A » B) = P(A) - P(A 1 B),

5.8. IF B c A, THEN (/) P(A ~ B) = P(A) - P(B) (if) P(B) < P(A)

Proof. When B c A, B and A ~ B are disjoint and their union is A.

= B B)= [By distributive law|

- u(An_B) i =P(A) + P(B) + P(C) - PIAn B) - [PLAn C)]

™ P(B U (AN B)l = P(A) +PBAC)-PANC)A(BAC) (By5.10]

= P(B) + P(A~ B) = P(A) =P(A1+PfBl+P{C)—P{AnBJ—P{AnC)—l::IBn§l+CHAHBEC101

= [ AnC)n(BAC)=AnBn

= PA N B) = P(A)- P(B) - = P(A) + P(B) + P(C)~P(AnB)~P(BA C)~P(C~A) + PA~B ~C)

[~ AnC=CnAl

Now, if E is any event,

then 0<P(E)s1, ie, PE)>0
& PANB)>0 = PA)-PB)20
= P(B) < P(A).

or P(A + B + C) = P(A) + P(B) + P(C) - P(AB) — P(BC) — P(CA) + P(ABC).

5.12.IF A, A, ..., A, ARE n MUTUALLY EXCLUSIVE EVENTS, THEN THE
PROBABILITY OF THE HAPPENING OF ONE OF THEM IS
5.9. P(A n B) < P(A) and P(A ~ B) < P(B) PA, VAU ... UA)=PA +A +..+A) =PA) + P(A) + ... + P(A)
Proof. Let N be the total number of mutually exclusive, exhaustive and equally likely

Proof. By 512BcA = P(B)<P(A
PA) cases of which m, are favourable to A, m, are favourable to A, and so on.

Since (AnB)cAand(A~B)cB
P(A N B) < P(A) and P(A ~ B) < P(B). Probability of occurrence of event A, = P(A,) = %

Probability of occurrence of event A, = P(A,) = %}3— A1)

]
|

5.10. ADDITION THEOREM OF PROBABILITY

Statement. If A and B are any two events, then
. P(AUB)=PA) + P(B)- P(A B)
Le., P(A or B) = P(A) + P(B) - P(A and B).
Proof. Aand A B are disjoint sets and their unionis A URB
= AUB=AuU(ANB) .

Probability of occurrence of event A = P(A) = %’L
The events being mutually exclusive and equally likely, the number of cases favourable
to the event

AjorAjor.. or Aism +m,+ .. +m,.
Probability of occurrence of one of the events A, A, ..., A isPA, + A, + .+ A))

= PAUB) =PI(AU(A AB)=PA)+PQA B
b e o ) O Smmp b tm, my my My
=PA)+P(ANB)UANB) -PA = P(Alugmg’ ¥ e +NP<A..§ ) e
i K Band A ~ B are disjoint] Note. The student should not get conlfused with Theorems 5.10, 5.11 and 5.12. Theorems 5.10
and 5.11 are for ANY events (mutually exclusive or not) whereas Theorem 5.11 1s for mutually exclusive

= P(A)+ P(B) - P(AnB) H -
tv (AnB)u(AnB)= B events.
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ILLUSTRATIVE EXAMPLES —_—

avour of four horses A, B, C, Dare 1:3, 1.4
. possible; find the chance that one of

Example 1. In a given race, the odds in ir ¢
1:5, 1: 6 respectively. Assuming that a dead heat is im

them wins the race.
Sol. Let p,, p,. p;. p, be the probabilities of winning of the horses A, B, C, D regpec.

tively. s ) )
Since a dead heat (in which all the four horses cover same distance in same time) is not

possible, the events are mutually exclusive.
1

Odds in favour of Aare1:3 - Pi=173

o |

1
Similarly, Py = gl Py = E WPy = T
If p is the chance that one of them wins, then
1.1 1 1 :81p
PP +P+Py+P = g 5t e T 20
ample 2. A card is drawn from a well-shuffled pack of playing cards. What is the
probability that it is either a spade or an ace ?
Sol. Let A = the event of drawing a spade |
and B = the event of drawing an ace
A and B are not mutually exclusive.
AB = the even of drawing the ace of spades
4 1
52’ PKANB)= 52

PlAorB)=PA)+PB)-PAnB)=5,4 _1_16_4
52 52 52 52 13

13
P(A) = EE' P(B) =

5.13. CONDITIONAL PROBABILITY

The probability of the happening of an event E, when another event E, is known to
have already happened is called Conditional Probability and is denoted by P(E/E,).
x Mutually Independent Events. An event E, is said to be independent of an event E,
) - P(E,/E,) = P(E,).
i.e., if the probability of happening of E 1 is independent of the happening of E,.

5.14. MULTIPLICATIVE LAW OF PRO
e BABILITY (Or Theorem of Compound Prob-

The probability of simultaneous occurrence of two i ili
- e of c 'Wa events is equal to the probability of
e e events multiplied by the conditional probability of the other, i.e., for two events A

P(A n B) = P(A) x P(B/A)

where P(B/A) represents the conditi
event A has already happened. - pmb.bim? of occurrence of B when the

251
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Note. P(A N B) is also written as P(AB). I
Thus P(AB) = P(A) x P(B/A).
Cor. 1. Interchanging A and B

P(BA) = P(B) x P(A/B)

P(AB) = P(B) x P(A/B)
Cor. 2. If A and B are independent events, then P(B/A) = P(B)
& P(AB) = P(A) x P(B).
Generalisation. If A, A,, ..., A, are n independent events, then

PA, A,..A,) = P(A) x P(Ay) x ... x P(A).
Cor. 8. If p is the chance that an event will happen in one trial then the chance that it
will happen in a succession of r trials is
pp ... p . (r times) = p".

are the probabilities that certain events happen, then the
, 1 = p, and, therefore, the probaml-

|- BnA=AnBl|

or

Cor. 4. If p,, py, oo » P
probabilities of their non-happening are 1-p;, 1=pgs e

ity of all of these failing is
(1-p A1 =pyh...(1-p,)
Hence the chance in which at least one of these events much happen is
1-(1=p X1 -p,) ...... (1-p.).
P(AnB) P(AnB)
Cor.5. P(A/B)= Pa) P(B/A) = “P@A)
Cor. 6. Theorem of Total Probability
If events E,, E,, E, are mutually exclusive and exhaustive, then for any event A, we

have
P(A) = P(E,) P(AJE,) + P(E,;) P(A/E,) + P(E,) PIA/E,)

ILLUSTRATIVE EXAMPLES
Example 1. A problem in mechanics is given to three students A, B, C whose chances of

solving it are %_ 11 respectively. What is the probability that the problem will be solved ?

Sol. The probabilities of A, B, C solving the problem are % % %
. ) 1 1 1 123
The probabilities of A, B, C not solving the problem are 1 - == 3’ 1= 2 e, 9'3'% -
The probability that the problem is not solved by any of them = % x g x g = %
Hence the probability that the problem is solved by at least one of them = 1 — — = 3
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Example 2. The odds that o book will be favoursbly Ruletill by Thrne [ndepeng,,,
criticsare 5t0 2, 4to3and 3 to 4 respectively. What 13 the p ' ree reviey,
a majority will be fovourable ?

Sol. Let the three critics be A, B,
54 .;1_ respectively.

L] 7 L

s unfavourably reviewed by A, B, C are

252

C. The pmhahilities Py Py Py of the bonk be'mg

favourably reviewed by A, B, C are

The probabilities that the book i

5 2 4_3 o _

o=k 7

A majority will be favourable if the reviews of at least two are favourable,
(i) If A, B, C all review favourably, the probability is

| a‘?'l,(J‘cp‘u

5 4 4 80

XK= = —

7°7°7 343 N
(iii) If A, C review favourably and B reviews unfavourably, probability is

5 3_3_45

7777 348 | Py(1-p,p,
{iv) If B, C review favourably and A reviews unfavourably, the probability is

243 34 a

77777 343 | 1 =Pipp,
Hence the probability that a majority will be favourable is

60 80 45 24

—t— = —
343 1348 343 348 343’
Example 3. A can hit a target 4 times in 5 shots; B 3 times 4 shots; C twice in 3 shots.
They fire a volley. What is the probability that at least two shots hit ?

l p)ﬂﬁ(l -Psl

Sol. Probability of A's hitting the target = %
Probability of B's hitting the target - 8
4
Probability of C's hitting the target = -
3
For at least two hits, we may have
(1) A, B, C all hit the target, the probability for which is
i x g x g = gi
_ : 5 4 3 60°
(z£) A, B hit the target and C misses it, the probability for which is
-‘-x—a-x,(l-§]=i 3 1 12

5 4\ R

PROBABILITY DISTRIBUTIONS
(iii) A, C hit the target and B misses it, the probability for which is
ix(l—i]xz—ixl)(z; 1
5 \ 4 1
(iv) B, C hit the target and A misses it, the probability for which is
|r1 4]x§xg=lx§x—2~=-6—
\1""5)°4 35 4 3 60
Since these are mutually exclusive events, required probability
24 12 8 6 _50_5

=t i

60 60 60 60 60 6 .

Example 4. A has 2 shares in a lottery in which there are 3 prizes alnd 5 blanks; B has

2 shares in a lottery in which there are 4 prizes and 6 blanks. Show that A's chance of success

is to B's as 27 : 35.
Sol. A can draw two tickets (out of 3 + 5 = 8) in °C, = 28 ways.

A will get all blanks in °C, = 10 ways. A can win a prize in 28 — 10 = 18 ways
18 9

Hence A's chance of success = 8- 14
B can draw 3 tickets (out of 4 + 6 = 10) in °C, = 120 ways; B will get all blanks in

C, = 20 ways.
B can win a prize in 120 — 20 = 100 ways.

B' h f : = E[:—?
Hence B's chance of success = 120__\6'
. . ¥ B o
A's chance : B's chance = 14-6;—27.35.

Example 5. A and B throw alternately with a single die, A having the first throw. The
person who first throws ace is to win. What are their respective chances of winning ?

Sol. The chance of throwing an ace with a single die = %

The chance of not throwing an ace with a single die = 1 - % =% ;

If A is to win, he should throw an ace in the first or third or fifth, ..... , throws.

If B is to win, he should throw an ace in the second or fourth or sixth, ......, throws.

The chances that an ace is thrown in the first, second, third, ......, throws are
15165156551 l‘él)’i]zi[éfl
6666666666 66 '6'\6) 6°\6) 6
1
2 4t et Sum of an infinite
A’schanoe:—1+[-§] .1+(£] .~1—+ ...... =L_=~§- ‘ = a
6 \6/ 6 \6 6 1 ‘(LP‘=1_’

SO

B’s chance =]__—1-1~=-i-i-_
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ple 6. Caras r ealt ore trst g Peary \ e
Show Fhat the probability that esactly » cards re °¢ %Ppears Reqd. probability = P(A) . POW/A) + P(B)., POW/B).+ PLC) . PCWIC)

4(51 - n)(50 - n)i49 - n}
52.51.50.48 -
Sol. Let A be the event of drawing n non-ace cards and B, the event of drawing 5, acejy
the (n + 1ith draw.
Consider the event A .
n cards can be drawn out of 52 cards in C, ways.
— Exhaustive cases = *°C,

% 5 1 3 10 4 _75+3+40 118 59
26710 26 10 26 10 260 260 130 )
K ] e 4 red 3 black, 2 white} 3 red, 4 black, 4 white;
Example 8. Three bags A, B, C contain |4 red, g : ,
and 5 red, 2 fﬂm-k. 6 white balls respectively. If a bag is selected at mm{nm um.i’ a h‘mé’mld;;:;;'
from it, ﬁ.nd the probabulity that the ball drawn is red. (M.D.U. May 2006, Dec

n non-ace cards can be drawn out of 52 cards in *C, ways.
= Favourable cases = ¥C

48! 62-n) !
. P = UC/AC, = e iTal 52!
481.(52 - n)(51- nX50 - n)49 - nX48 - n)! _ (52 - nX51 - nX50 - ny4g _
- 48-n)!.52.51.50.49.(48)! 52.51.50.49 ——.
Consider the event B

n cards have already been drawn in the first n draws.
Exhaustive cases = %"C, =52 -n; Favourable cases = ‘C, = 4

P(B/A) = e
Reqd. Probability = PtA) . P(B/A)

_ (62— n)51- n)50 - nX49 - n) 4 _ 4(51-nX50 - n)49-p)

52.51.50.49 “52-n  52.51.50.49
Example 7. An urn contains 10 white and 3 black balls, while another urn

contains 3 white and 5 black balls. Two balls are drawn from the first '
second urn and then a ball is drawn latt o e, s i o

— from the latter. What is the probability that it is a white
Sol. The two balls drawn from the first urn may be
(i) both white (if) both black

(¢i1) one white and one black.
Let these events be denoted by A, B, C respectively.

1n
__Cy_ 10x9 15 3
HAI‘W*E;TE:EE‘ P(B) = wcﬁ wOx8 _ 1
i C; 13x12 28

Py = —C € 10x3 10
e, 13x12 " 26

(i) 6 white and 5 black balls
(4i1) 4 white and 6 black balls,

_ Let W denote the event of dr
(), (1) and (412),

(i1) 3 white and 7 black balls

AW1 3
ng a white bal] frem the second urn in the three cases

Now P(W/A) = _5_ P(W 3
10 B)= 20 POWIT) = 1_46

Sol. Let E,, E,, E, denote the events of choosing bags A, B, C respecuvely.

1
then PE,) = P(Ey = P(Ey) = 3
Let R denote the event of drawing a red ball, then
4 4 3 3

le;1l=4_+3+2=é- HWE:!’:3+4+4 117

; IS |
PRE) =536 13
P(R) = P(E,) PIR/E,) + P(E,) P(R/E,) + P(E)) PIRE )
4 4.9 % B & 1 8
= X—p =X — U = i A g i
39 3 11 3 13 -2¢ 11 39
=0.148 + 0.090 + 0.128 = 0.366.

EXERCISE 5.1

1. When a coin is tossed four times, find the probability of getting ;) exactly one head, (1) at most
three heads and (iti) at least two heads ?

27" What is the chance that a (i) non-leap year (1) leap vear should have fifty three Sundays 7
PT U May 2006)

3.  Acard is drawn from an ordinary pack and a gambler bets that it 1s a spade or an ace. What are
the odds against his winming the bet ?
A An integer is chosen at random from the first two hundred positive integers. What 15 the prob-
ability that the integer chosen 1s divisible by 6 or 87
“&  Six cards are drawn at random from a pack of 52 cards. What is the probability that 3 will be red
and 3 black ?
8.

(a) From a set of raffle tickets numbered 1 to 100, three are drawn at random. What s the
probability that all are odd numbered ?

(b) A box contains 9 tickets numbered 1 to 9 inclusive. I3 tickets are drawn trom the box, one at
a time, find the probability they are alternatively either odd. even, odd or even, odd, even

M DU Dec. 2009
Ao da) I from a lottery of 30 tickets, marked, 1, 2, 3, .30, four tickets be drawn, what 15 the
chance that those marked 1 and 2 are among them ?
(b) An urn contains 5 red and 10 black balls. Eight of them are placed in another urm. What 1s
the chance that the latter then contaims 2 red and 6 black balls ?
A party of n persons sit at a round table. Find the odds against two speaified imdividuals sitting
next to each other

A five-figured number g formed by the digits 0, 1, 2, 3, 4 twithout repetition). Find the probainl
ity that the number tormed 15 divisible by 4
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LO:  Three newspapers A, B, C are published in a city and a survey of readers indicates the fulluwing :
20% read A, 16% read B, 14% read C,
8% read both A and B, 5% read bath A and C,
4% read both B and C, 2% read all the three.
For a person chosen at random, find the probability that he reads none of the papers,
——— R T I

11. A problem is statistics is given to five students. Their chances of solving it are —, 3 i 4 and
What is the probability that the problem will be solved ?

12. A can hit a target 3 times in 5 shots, B 2 times in 5 shots and C 3 times in 4 shots. They fir, i
volley. What is the probability that (i) two shots hit, (1) at least two shots hit the target ?

13.  Three groups of children contain respectively 3 girls and 1 boy: 2 girls and 2 boys; 1 gir| and 3
boys. One child is selected at random from each group. Show that the chance that the three
selected consist of 1 girl and 2 boys is ;j .

14.  Suppose that 5 men out of 100 and 25 women out of 1000 are good orators. Assuming that there
are equal number of men and women, find the probability of choosing a good orater,

15. A bag contains 10 balls, two of which are red, three blue and five black. Three balls are drawn g
random from the bag. What is the probability that
(i) the three balls are of different colours, (i) two balls are of the same colour,

(211} the balls are all of the same colour.

16, Itis 8: 5 against a person who is 40 years old living till he is 70 and 4 : 3 against a person now 50
living till he is 80. Find the probability that one at least of these persons will be alive 30 years
hence.

17 An old carton in a pharmacy shop is found to contain 60 capsules and 180 tablets. Half of cap-
sules and tablets are of expiry date. Find the probability that an item picked at random from the
carton is of expiry date or a capsule.

18. A has 3 shares in a lottery where there are 3 prizes and 6 blanks. B has one share in another,
where there is just one prize and two blanks, Show that A has a better chance of winning a prize
than B in the ratio 16 ; 7.

19. A, B and C, in order, toss a coin. The first one to throw a head wins. If A starts, find their

respective chances of winning,
20. (a) A speaks truth in 75% cases and B in 80% cases. In what percentages of cases are they likely
to contradict each other in stating the same fact ?
th) A pair of dice is tossed twice. Find the probability of scoring 7 points (1) once, (i) at least once
({it) twice. (K.U.K. Dec. 2009)
21.  (a) Two persons A and B toss an unbiased coin alternately on the understanding that the first
who gets the head wins. If A starts the game, find their respective chances of winning.
(&) A and B throw alternately with a pair of ordinary dice. A wins if he throws 6 before B throws
7 hnnl:_l B wins if he throws 7 before A throws 6. If A begins, find their respective chances of
winnng. {(Huyghen's Problem)  (Madras 2006)
22, (a1 wo c::u'ds are randumly t?rawn_ from a deck of 52 cards and thrown away. What is the prob-
ability of drawing an ace in a single draw from the remaining 50 cards ?

() A box A contains 2 white and 4 black balls. Another box B contains 5 whi
' i + 5 white and 7 black balls.
A ball is transferred from the box A to the bax B, then a ball is drawn from the box B. Find the
probability that it is white.

23. A committee consists of 9 students two of w hich are from
from 3rd year. Three students are to be removed at

(i} the three students belong to different classes,

Ist year, three from 2nd year and four
random. What is the chance that
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{ii} twa belong to the same class and third to the different class, and
ti1) the three belong to the same class ?
24, Five men in a company of twenty are graduates. [f 3 men and picked out of 20 at random, what
is the probability that
(1) they are all graduates ?
25, IfA, B, C are events such that
PlA) = 0.3, P(B) =04, PIC) = 0.8
PIA n Bl = 0.08, PIA 7 C) = 0.28, PIA 7 B » C) = 0.08
IfPA w B v C) 2 0.75, then show that 0.23 < PIB ~ C) < 0.48.
28. For two events A and B, let PiA) = 0.4, PIB) = p and PIA U Bi =06
(i) Find p so that A and B are independent events.

(it) For what value of p are A and B are mutually exclusive ?
27. A husband and wife appear in an interview for two vacancies in the same post. The probability of

(it} at least one is graduate ?

husband’s selection is % and that of wife's selection i1s é What is the probability that

(i) both of them will be selected, (t2) only one of them will be selected, and
(tii) none of them will be selected ?

28, Two dice are tossed once. Find the probability of getting an even number on the first die or a total
of 8.

29. There are two bags. The first bag contains 5 white and 3 black balls and the second bag contains
3 white and 5 black balls. Two balls are drawn at random from the first bag and without noting
their eolours, put into the second bag. Then two balls are drawn from the second bag Find the
probability that the balls drawn are white and black.

30. A purse contains 2 silver and 4 copper coins. A second purse contains 4 silver and 3 copper coins
If a coin is pulled out at random from one of the two purses, what is the probability that it is a
silver coin 7

31. A man wants to marry a girl having qualities: white complexion—the probability of getting such
a girl is one in twenty; handsome dowry—the probability of getting this is one in fifty ; westernised
manners and etiquettes—the probability here is one in hundred. Find out the probability of his
getting married to such a girl when the possession of these three attributes is independent.

32. A class consists of B0 students, 25 of them are girls and 55 boys, 10 of them are rich and the
remaining poor, 20 of them are fair complexioned. What is the probability of selecting a fair
complexioned rich girl ?

33. Of the students attending a lecture, 50% could not see what was written on the board and 40%
could not hear what the lecturer was saying. Most unfortunate 30% fell into both of these categories.
What is the probability that a student picked at random was able to see and hear satisfactorily ”

9 3
34. The probabilities of A, B, C solving a problem are ; ~and : respectively. It all the three try to
7

solve the problem simultaneously, find the probability that exactly one of them will solve it
36. A student takes his examination in four subjects o, |3, v, 8. He estimates his chance of passing in

. 3 . b caxe 1 iz
aas —,in [ as s in y as r and in b as 3 To qualify he must pass in o and at least two other

subjects. What is the probability that the qualifies ?
36. For any two events A and B, prove that
P(A ~ B) < PLA) < PAA O Bi < PIA) + PUB).
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37. A student takes his examination in four subjects Q. e estimates hjg chaneg, of
5 2
inPas f ,in Qas 3 .inRas ; and in § as . To qualify, he must pass in P g5 q s ing
4 wy

-.ub}ar:tq What is the probability that he quallﬁes ? © Othg,
88. Ten cards numbered I to 10 are placed in a box, mixed up thoroughly and then gy, o

randomly, If it is known that the number on the drawn card is more than 3, what ig yp, d’awn

ity that it is an even number ? Emhabu
39. A die is thrown three times, Fvents A and B are defined as below:

40,
41.

Answers
115 11 1G5
1. — —, — i) = . . 1
' 1616 2. (i) . (i) E 3.9:4 4. T
13000 4 5
B === - =
39151 8. la) 33 b} 18 7. “”]}5 u,; .29
B. (n-3):2 s.i 10. L 11 -1—7
16 20 20
12. 045, 0.63 14. 0.0375 18. (i) L iy Gy 2L
4 120 120
59 5 2
16 == 17. 2231
5 - 19, e
; 5 11 1
20. (a) 35% D) == (i) — (i) — 1
a b 12) is "”36 uul36 21. (a) 2.3 bi-:{l.%
1 16 -
22, (a)—, (b)) —= 23. 00 = (0 = i) 5 o1 137
) — 24. ( ek
13" 39 S Ao e P
1 < P
26. (1) = ()02 21. () L iy 2 () 24 5
3 35 (et) ¥ (i) 5 28. ;
673
29. i2ﬁ(] 30. l?‘ 31. 0.0 5
1960 a . 0.000001 s ——
: = 512
33 = .= ax Gl
5 .56 35, — 37. &
; 90 90
1
38, — 39. - a1
il e 40 iy 41. 0.488,

A: 4 appears on third throw

B: 6 and 5 appear respectively on first two throws

Find the probability of A given that B has already occurred.
0. Afairdieisrolled. ITE=(1,3,5), F=1(2 3land G=1{2, 3, 4, 5, find P([Eupmlmd PUE -
1. A person has undertaken a construction job. The probabilities are 0.65 that there will pe 3 :-‘m;

construction job will be completed on time if there is a strike, Determine the probabiljy
construction job will be completed on time. Y that g
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0.80 that the construction job will be completed on time if there is no strike, and ¢ 32 thy
th

IM.D.U., Dec, 20100

5.‘15./nvz's THEOREM
2

IrE, E,, ... , E, are mutually exclusive and exhaustive events with PE)#0,(i =12,
L nl ofa random elxp#nmm! then for any arbitrary event A of the sample space of the above
expen.mnt with PfA) = 0, we have
PUE \PLAJE,)
PE/A) = —————
> PE)P(AIE,)
=1
Proof, Let S be the sample space of the random experiment.
The events E, E,, ......, E, being exhaustive
S=E,vE,u... vE,
A=AnS
=An(E,vE,u... wE)
=ANEDUANE) U ...\

[ AcS)

= PA)=PANE}+PIANE,) + ...... +PANE,)
= PE,)PAE,) + P(E)PAJE,) + ...... + P(E )PIA/E )
=ZPIE,JP1A;T~‘.,; A
i=1
Now P(A N E)) = PLAIP(E/A)
= PEJ/A) = PANE) __FEIRAE) [Using (1)
P(A) -
Y P(E,)P(AJE,)

1=1
Note. The significance of Baye's Theorem may be understood in the following manner
P(E)) is the probability of occurrence of E . The experiment is performed and we are told that the

event A has occurred. With this information, the probability P(E ) is changed to P(E /A). Baye's Theorem
bles us to evaluate PIE/A) if all the P(E) and the conditional probabilities I’f-\.-"k. | are known.

ILLUSTRATIVE EXAMPLES

Example 1. A bag X contains 2 2 white and 3 red balls and a bag Y contains 4 white and
5 red balls. One ball is drawn at random from one of the bags and is found to be red. Find the

probab;hfy that it was drawn from bag Y.

the ball 1= drawn from bag Y

Sol. Let E,: the ball is drawn from bag X; E,:
and A: the ball is red.
We have to find P(E,/A). By Baye’s Theorem, - \

PEJA !’ll-.oll‘l:\fh ) . A n
) = - . o
¥ PE,PIA/E,) + Pih IPIAE,)
= 2
Since the two bags are equally likely to be selected, PLE,) = PE,) =

Also PIAJE,|) = P(a red ball is drawn from bag X) =

-
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P(A/E,) = Pla red ball is drawn from bag Y = o
1.5
: 279 _25
From (1), we have P(EJA) = TT; +_1 F e
85 28

Example 2. In a bolt factory, machines A, B and C manufacture respectively 259
and 40% of the total. Of their output 5%, 4% and 2% per cent are defective bolts. A boly fsci 35%
at random from the product and is found to be defective. What ts the probability thq, i
manufactured by machine B ? (KUK Dec. 2010; V.13 r213!46‘(1;3
. I}

Sol. Let E, E, and E, denote the events that a bolt selected at random is map,y,
by the machines A, B and C respectively and let H denote the event of its being defect; Actury

Ve. They,
P(E)) = 0.25, P(E,) = 0.35, P(E,) = 0.40

— e probability of drawing a defective bolt manufactured by machine A 5 P”'UEIJ

Similarly, P(H/E,) = 0.04 and P(H/E,) = 0.02
By Baye's Theorem, we have

R P(E,)P(H/E, )
P(E,)P(H/E,) + P(E, P(H/E, ) + P(E; )P(H/E, )
0.35 x 0.04 _ 0.0140

= 0.25x0.05+0.35x0.04 +040x0.02 00345 ~ 041

Example 3. The contents of urns I, Il and Il are as follows:

»

1 white, 2 black and 3 red balls, -+ % *

2 white, 1 black and 1 red balls, and
4 white, 5 black and 3 red balls. g

One urn is chosen at random and

two ba ;
What is the probability that they come fron i Wl i Ay happen to be white and red.

m urns [, If or IIT ?

E,: urn I'is chosen; E,: urn II is chosen; E,: urn I1I is chosen
A: the two balls are white and red.

We have to find P(E /A), P(Ey/A) and P(E/A).

(K.U.K. 2005)
Sol. Let

Now P(E,) = P(E,) = P(E,) = 1

P(A/E,) = P (a white and a red ball are drawn from urn I) = ICI x 3C,

"

6 5

LK Cz

PAE) = =1 L= Pk, - (Cix?Cy _ 2
T e ot e

i 20 T T
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By Baye’s Theorem, we have

p O
PCE R(A/E)) 3°5 33
17 ¢ N .. L5, ./ L A e : o
S P(EPIA/E ) + P(EL)PIA/E, ) + PIEPIAJE,) T SN TP O 1
- 376 3 9§ a1

. 5 o 15
Similarly P(E/A) = 118" P(EJA) = 59"

EXERCISE 5.2

4.

{a) Two urns contain 4 white, 6 blue and 4 white, 5 blue balls respectively. One of the urns is
selected at random and a ball is drawn from it. If the ball drawn 15 white, find the probability
that it is drawn from the
(i) first urn (11} second urn.

(h) Of the cigarette smoking population, 70% are men and 30% women, 10% of these men and
20% of these women smoke "WILLS'. What is the probability that a person seen smoking a
‘WILLS' will be a man?

(a) Three urns contain 6 red, 4 black; 4 red, 6 black and 5 red, 5 black balls respectively. One of
the urns is selected at random and a ball is drawn from it. If the ball drawn is red, find the
probability that it is drawn from the first urn. IM.D.U. Dee, 2010)

b} There are three bags: first containing 1 white, 2 red, 3 green balls; second 2 whate, 3 red, 1
green balls and third 3 white, 1 red, 2 green balls. Two balls are drawn from a bag chosen at
random. They are found to be 1 red and 1 white. Find the probability that balls so drawn
came from the second bag. (M.D.U. Dec. 2008}

A factory has two machines A and B. Past record shows that machine A produced 60% of the

items of output and machine B produced 40% of the items. Further, 2% of the items produced by

machine A were defective and 1% produced by machine B were defective. If a defective item is

drawn at random, what iz the probability that it was produced by machine A?

An insurance company insured 2000 scooter drivers, 4000 car drivers and 8000 truck drvers.
The probability of accident is 0,01, 0.03 and 0.15 respectively. One of the insured persons meets
an accident. What is the probability that he is a scooter driver? (M.D.U. 2006)

A company has two plants to manufacture scooters. Plant I manufactures 70% of scooters and
plant 11 manufactures 30%. At plant I, 80% of the scooters are rated standard quality and at
plant II, 90% of the scooters are rated standard quality. A scooter is chosen at random and is
found to be of standard quality. What is the chance that it has come from plant 11?

In a bolt factory, there are four machines A, B, C, D manufacturing 20%, 15%, 25% and 40% of
the total output respectively. Of their outputs 5%, 4%, 3% and 2%, in the same order, are defec-
tive bolts. A bolt is chosen at random from the factory’s production and is found defective. What
is the probability that the bolt was manufactured by machine A or machine D?

IM.DU., Dec. 2008)

A doctor is to visit a patient. From the past experience, it is known that the probabilities that he
; : : 3 1 1 2

will come by train, bus, scooter or by other means of transport are respectively 105" 10 and 5"
bl .

. g k A
The probabilities that he will be late are 2'3 and L if he comes by train, bus and scooter
respectively, but if he comes by other means of transport, then he will not be late. When he

arrives, he is late. What is the probability that he comes by train?

A man is known to speak truth 3 out of 4 times. He throws a die and reports that it1s a six. Find
the probability that it is actually a six.
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5.18. MEAN AND VARIANCE OF RANDOM VARIABLES

la) Let X%, Ky Ry
» . PiX): Py PR Fa—
a discrete probability distribution
=
We denote the mean by p and define 1 = - ;_'L"(' = ipx, (» ®
o RS

Other names for the mean are average or expected value E(X).
We denote the variance by o? and define o = pix, - P
If w is not a whole number, then o?=Xpx?—p?

Standard deviation o = + Variance .
The r** moment about the mean is denoted by p. and defined as

H o= Z (x, =W flx;)  where flx,) = p,
Putting, r =0, 1, 2, 3 and 4, we get

Hy = Z ,Fl'_r,i—.z p;=1
W= Z (x; - _qutx,J:Z (x;, = p) p,
_-.Z DX, --uz Pi=pu—-pu=0
My = Z (x, -w)’ flx,) = o2
n, = Z x, =) fix)
B, = Z (x; =) flx;)
In practice the first four moments suffice.
Mean deviation from mean = > 1 -l i)

(6) If X is a conti i
1§ & continuous random variable with probability density function flx), then

EX) = I“'x flx)dx
EX’) = J:'_“.r' fx) dx
Var (X) = J__lx -W* fx)dx = B(X2) - [EX)J2

| flx)dx

moment about the mean is defined as

W, = I (x=p)" Flx)dx
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Moments about the mean are called central moments.
{c) Moment Generating Function
S (1)

Consider the function M, (f) = Z e
This function is a function of the parameter { and gives the mean of the probability
distribution of .= -, Expanding the exponential in equation (1), we get

& 3 s’ ;
Mﬂm=zp,!—l+rix‘.—a}+-2—!ix,—m +.__+:!(x. -a) +‘

g -
t t
:z P *tz pilx, ‘GH'EZ pilx; —a) 4. L;!z pilx,—a) +...

t* ¢
= L0 Foyie ¥ e Ko .

where ', is the moment of order r about a. Thus M_(¢) generates moments and is, therefore,
called the moment generating function (m.g.f.) of the discrete probability distribution of the

r

t
variate X about the value x = a. We observe that ', is equal to the co-efficient of y in the

expansion of m.g.f M (¢).

Alternately, i, can be obtained by differentiating (2) r times with respect to and then

putting ¢ = 0.
r r a

| d— M,it)
de” -
=0

Thus, I]‘.;- =

Rewriting equation (1) as
M, (t) = z PREFR gt z pe™ =e ®M,(t)

Hence the m.g.f. about the value a is ¢ times the m.g.f. about the origin.
If X is a continuous random variable with probability density function flx), then

M) = [~ dx

Note 1. If X is a random variable and a, b are constants, then
ElaX + b)=aEX)+ b
Var. (aX + b) = a® Var. (X)
2. Relation between central ts and
Wy=u-a
My = W= (2
By = Wy = 3y + 200,
My = W — 4y + Bl ) - 300

ts about any arbitrary origin a

A2}
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Example 1. Five defective bulbs are accidentally mixed with twenty good opey j, i The probability distribution of the random \mriu’hle Xis
possible to just look at a bulb and tell whether or not it is defective. Find the Pmbcbl‘i‘ky 4;”0.' X 0 1 2 3
bution of the number of defective bulbs, if four bulbs are drawn at random from thig o, e 8 12 L =
Sol. Let X denote the number of defective bulbs in 4. Clearly X can take the values PX) : 37 _ 27 27 27
2, 3 or 4. 0,1, To find the mean and variance - - B : |
Number of defective bulbs =5 X, p, PX; PX |
Number of good bulbs =20 0 = 2 \
Total number of bulbs =25 :Z 12 12
P(X = 0) = P (no defective) = P (all 4 good ones) 1 T 27 27 |
x 12 24
_PC, _20x19x18x17 969 2 = = b |
BC, 25x24x23x22 2530 1 3 9 |
3 = 27 27 |
5 20 27
P(X=U=P(onedefectiwand3goodones)=-—C—lz-;,x—g-i=-l-_l_'.‘£ = 5 "
C, 2530 1 3 |
5 20
PfX=2J=Pl2defecl:ivesand2gnodmesj=-—c—§%—&=§35%g Mean w=3px =1
0 =
=AY . X 40 ; Fr .
PIX = 3) = P(3 defectives and 1 good one) = ¥ tmm Example 3. A random variable X has the following probability function:
5 ! Values of X, 2i 2 0 1 2 3 4 5 6
£ 2 ap2? g
P(X = 4) = P (all 4 defective) = .04 =1 P 0k 2k 2k Sk KW Wk
"Cy 2530 (i) Find k, (i) Evaluate P(X < 6), P(X > 6), P13 < X <6)
The probability distribution of the random variable X js (iit) Find the minimum value of x so that POX <x) > I
L o 1 2 3 4 7
P(X) %‘3;% 1140 380 40 1 Sol. (i) Since zo plx) =1, we have
2530 2530 2530 2530 o. 2 0k TR o k=
Elmgple&Ad:’eEtwsedMnl‘e.Asmessis Zetting 1 or 6 on a toss. Find the mean e e B e
and the variance of the number of successes. ’

Sol. Let X denote the number of success, Clearly X can take the values 0, 1, 2 or 3.
Probability of success = Gg= 3 Probability of failure = 1~ LA

PX=0)=P(no success) = P (all 3 failures)

PiX

—
o
-]
o

= 1) = P (one success and 2 failures) = 3C, x

PX=2-=

= 10k + 9% -1=0 =

1
= T
HIPX<6)=PX=0)+PX=1)+

(10k - 1)k + 1) = 0

—
...... +P(X=5)

8 1 81
= - L T SN
=0+k+2k+2k+3k + k2 =8k + k 10+1 1

PXz26)=PX=6)+PIX=7

9 1 19

—9p2 2 ke A
=2R*+TR: + k 100+10 T
PB<X<B)=PX=4+PX=5+PX=6)

3 3 33
= 2 g Oy B W
e R

plx) = 0]
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]
9. A random vanable X has the following P“’hﬂh'l“’-‘: d'i"'ilnhm_:un ) 3
. A -1 0 a ‘
p[.‘\:l 0.1 k 02 2k 03 k
Find the value of & and calculate mean and variance
10. From an urn contaning 3 red and 2 white balls, a man is to draw 2 balls at random
replacement . being promised 220 for each red ball he draws and 2 10 for ench white one, Fi:‘:tli..iu‘
expectalion s
11. A random vanable X has the following probability distribution :
Values of X, «x 0 1 2 3 1 S5 [ - 8
plx) a 3a Sa Ta Ha lla 13a 150 174
(1) Determine the value of a (D Find PX<3). PX23) P2<X <3
(1) What is the smallest value of x for which P(X £ 1) = 0.5
12.  Find the standard deviation for the following discrete distribution
X B 12 16 20 24
1 1 3 1 1
M 3§ 3 3w
13.  Is the [unction given below a density function ?
0 for x<2
f(.t)zlrl%t:i-i-hJ for 2<x<4
| 0 for x>4
Alsofind P 25X <3)
14.  Find the mean and variance of the following density function :
[ = for Ocx<l
floy=i2-x for lex<?
0 otherwise
15.

16.

17.  Find the expectation and v

P(X):

repre

The probability density p(x) of a continuous random variable is given by

PO=y, el _wcy< o,

» 1 A
Prove that y, = 3 Find the mean and variance of the distribution.

(1
If fox) = Euwl'. -1lex<l

0 . elsewhere

sents the density of o random variable X, find E(X) and Var. (X).
artance of the random varable X, whose p.d.f is given by

f =267, ifx>0

| 0% otherwise
Answers
X (1] | 9
12 9
22 22 22

p il - -~ ~—
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5
4 400 936 6 55
= 3 3 2873 AT 9
! 1 9
6 2 la=g b=2 &2.2.209
9 k=01,p=080?=2232 10.2 32
1 oo LB o SR
= — =, == (in 5 . 2J5
1. (Ma =1 (1) 9'9°27
4 2 15.0, 2 16 'l— E
13. \'cs.; 14. LE . 0,2 “3'9
DU
1. 5%

5.19. THEORETICAL DISTRIBUTIONS

Frequency distributions can be classified under two heads:

(i) Observed Frequency Distributions.

(i) Theoretical or Expected Frequency Distributions,

Observed frequency distributions are based on actual observation and experimenta-
tion. If certain hypothesis is assumed, it is sometimes possible to derive mathematically what
the frequency distribution of certain universe should be. Such distributions are called Theo-
retical Distributions.

There are many types of theoretical frequency distributions but we shall consider only
three which are of great importance:

() Binomial Distribution (or Bernoulli's Distribution);

(1) Poisson's Distribution;

(Zif) Normal Distribution.

BINOMIAL (OR BERNOULLYI'S) DISTRIBUTION

5.20. BINOMIAL PROBABILITY DISTRIBUTION

Let there be 1 independent trials in an experiment. Let a random variable X denote the
number of successes in these n trials. Let p be the probability of a success and g that of a
failure in a single trial so that p + ¢ = 1. Let the trials be independent and p be constant for
every trial.

Let us find the probability of r successes in n trials.

r successes can be obtained in n trials in "C, ways.

PX=r="C PSSS...S FFF...F)
r times ira-rlm'm';_‘
="C,PS)P@S)....PS) PEF PF) ... PF)
r factors in = r) factors -
="C,pppP...D qQQ...q
r factors

ln - r) factors

- ll(:rprqn-r



274 —

A TEXTBOOK OF ENGINEERmG MATHEMA
T
Hence  PX=r)=0C_q"*p" wherep+q=landr=0,1,2, n %
The distribution (1) is called the binomial probability distribution and X g
binomial variate Calleq the
Note 1. P(X = r} is usually written as P(r)
Note 2. The successive probabilities P(r) in (1) for r=0, 1, 2, .,
"o "C o p Ot "C,p,
which are the successive terms af the binomial expansion of (g + p)*. That 1s why thys dist )
ealled “binomial” distribution Ution

. M are

Note 3. n and p oceurring in the binomial distribution are called the paramelers of the distpy

Note 4. In a binomial distribution butioy
() n, the number of trials 1s finite

(1) ench trial has only two possible outcomes usually culled success nnd failupe.

(tif) all the trials are independent

(re) p (and hence g) is constant for all the trals

Note 5. A binomial distribution with n trials und probability of succe

S8 In ege sy
denoted by Bin 7} ch trial 4y Pis

5.21. RECURRENCE OR RECURSION FORMULA FOR THE BINOMIAL DISTRImy.
N

TIO
In a binomial distribution.
n!
l‘.f' ="(\ n-r I':_____ = r
) L (::-r}!r!q p
P(r+ 1 PO, ..
r+ )= " for-l prtl = — T S Y |
1 p n-r-Dr+11 19 p
Plr+1_l=_{i—r)! r! P _(n-rix(n-r-1)! r! n-r p
Pir) (n-r=1)! (r+1)!" q "~ n-r-1)! x(r+1axr!x;=,*1"
n-r p '
= Pr+D=—-.= P
r+l g

which 15 the requited recurrence formula. Applyi his as '
- Applying this formula successively, we ¢ fi
PO PR, P33y, i P({0) is known. ) .

5.22. MEAN AND VARIANCE OF THE BINOMIAL DISTRIBUTION (U.P.T.U. 2008

For the binomial distribution, P(r) = "C gt

Mean p = i rP(r1= i ronC .t
= (; '+“| o f;:*?ﬂ +2.7Cq"2pl+ 3. LE8T Lo L R L P
=ng"p+2 m: ‘_11) g+ 3, 1%1-2%22 @ Pt
= ”q"r P - 1) gript + ftf_n:él._)%rt_-_z_) QPP+ np”
" lq" A wqﬁp" O +pr1jl
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= "pl.ln ](f_lqn { B n-}(‘:qn 'zp 4 1;—1('?':‘." -"”.': + ... +" ;(‘n Ipr. II
=nplg +p)" ' =np B
Hence the mean of the binomial distribution is np.

prqg=1

n N
Varance o” = Z rzPir?-].l"! = E |r+ rr = 1)] Pir) - p?
r=0

r=0
A n n

- Z rP(r) + Z rr=1DPr)—p=p~+ Z r(r=1)2C g% pT-p*
r=0 r=0 rag2

(Since the contribution due to r = 0 and r = 1 is zero)
=P+ (2.1 "Cog™2p? + 32 "C.g"3p* + .+ - 1) "C p"| - u2
nin-1) nin-n-2) , 4 5 1
= .3 Ceeee—— " $...+nln-1p" | —y?
”*[ 2.1 3.2.1 g N

=+ [~ Dg™ ¢ + nin - Din — 2q" *p* +

qn—ﬂp2+3.2'

+ 1w - Dp") - p*

=u + nin Uﬂzlqn a4 {" 15 2)"., ;_-,p " -+ Pn 2! _p.‘

=u+nn- np'.i lu 2[40‘?" Zn 2[-‘{;;, Sp + 4+ N 2'_'1.._#” '_'I w “'.'
Sprnn-Dpfg+p)"E —pt=p o+ aln - Dp? -t [:: g+p=1}
=np + nln - Dp* —n?p I mp=np)

=nup[l + (u - Dp —np) =npl|l -p]=npq
Hence the variance of the binomial distribution is npq.

Standard deviation of the binomial distribution is Jnpg
Similarly, we can prove that

By’ _(g-p? _(1-2pf _ My g 1-6pg
A —— — B £ =g TR A e———

Py = pe'  npg npg 27, apq

q-p _1-2p . 1-6pgq

Hence W= B = = X Y. = B_} -3 = 4
1= Jnpa  \Jnpq & vAPq

Note. y, = < Gl 1=%p gives a measure of skewness of the binomual distribution [ p < 3
npq  \npg 2
1

skewness is positive, if p > -% skewness is negative and if p = 7+ it s zera

1 B
B,=3+ gives a measure of the kurtosis of the binomial distribution

ILLUSTRATIVE EXAMPLES

Example 1. During war, 1 ship oul of 9 was sunk on an average in making o certamn
vayage. What was the probability that exactly 3 out of a convey of 6 ships would arrive sufely?

’ 1
Sol. p. the probability of a ship arriving safely = | - S_: = g: q=g:n= 6
T LT
Binomial distribution is [5 + 9

-

The probability that exactly 3 ships arrive safely = °C, [ 5



























Find the mean and standard deviation of the d;

A IEAI DO wr """'"“;"“'NGMAT

e
[iz)= -—ﬁ';' €

¢ This helps us to compute areas under

andard tables. .
n for the normal distribution, thep

It 1s free from any paramelte

rohability curve by making use of stan¢ _
: Note 1, If f(z) is the probability density [unctio

Pz, <Z52) = L* ftz2) dz=F(2) - F(z)), where F@z)= J:_ fz) dde = P,

The function F(2) defined above is called the distribution funetion for the normp] dlSlritmh

< 0]

Note 2. The probabilities P(z, SZ < 2. F1# < Zs2) PlzysZ<z)and Pz <7 I

regarded to be the same
Note 3.

=& ang

Fl-2)=1-FG).
ILLUSTRATIVE EXAMPLES %\

Example 1. A sample of 100 dry battery cells tested to find the length of life Produce

the follouing results:
_ ¥ =12 hours, 0 = 3 hours.

Assuming the dala to be normally distribuled, what percentage of batlery cells are expecto
to have life

(i) more than 15 hours

(iif) between 10 and 14 hours?

Sol. Here x denotes the length of life of dry battery cells
_x—x% x-12
T T A

(i) less than 6 hours

(P.T.U. May 20455

Also z

M Whenx=152=1

o Ple=10)=Pz=1)
=P(0<z<=)-P0<z<1)
=.5-0.3413 = 0.1587 = 15.87%.

() Whenx=6, 2==2

s Ple<B)=Plz<-2)
=P2>2)=P(0<z<w)-P(0<z<2)
=.5-04772=0.0228 = 2.28%.

(1) When x= 10, 2= - iaul 0.67 : -
3 -2 0 2

Whenx= 14 z= g =0.67

P(10<x < 14)
=P=067T<z<067
=2P(0<z<06M=2x 0.2487
=0.4974 = 49.74%,

Example 2. In a normal distribution, 31°

, . —67 67
“eof the items are under 45 and 8% areover ¢

stribution, " (KUK, Dec. 201

HE|
MaTe,
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nfll'mi.

area is 0.5

From the tables, the value of z corresponding to | his

Sol. Let ¥ and o be the mean and 8. D. respectively.
31% of the items are under 45.
— Area to the left of the ordinate x = 4515 0.31
Whenx=45, let z=2z2,

P(z, <z<0)=.5-.31= A8

=¥ 1 =64
=2, =0

a=45

z,=-05[z < ]
When x=64, let 2=2,

P0<z<z,)=.6—.08=.42 ‘ ‘
From the tables, the value of z corresponding to this area is 1.4

(D P(-042<2<2)

z,=14
Si _x=F
ince z= s o
¢ -x
-D5= 450 and 1.4= <
= 45 - x =-0.50 =R
and 61-x = l4o :{2)
Subtracting —-19=-19s - a=10
From (1), AS—x==-05x10==-5 =~ x=350
EXERCISE 5.6
1. If zis the standard normal variate, then find the following probabilities;

(iHP(-235z5-1.5)
(ir) P (z=-056)
wnP(lzlzn

MmP(lsz52)

(WPl z1=1)

2, Let X be a random variable having a normal distribution with mean 30 and standard deviation 5,

3.

wiiif) | x-24 <8

Find the probability that
(H26sxs10 (n | x=301>5
)y xz 13

(M.D.U. Dee. 2010; JN.T.U. 2005; P.TU. May 2006)
The mean height of 500 male students in a certain college is 151 em and the standard deviation
is 13 em, Assuming the heights are normally distributed. find how many students have heights
between 120 and 155 ¢cm? —
An ngtilu(h test for selecting officers in a bank is conducted on 1000 candidates. The average
l{co‘;'e 1s 42 and the standard deviation of score is 24. Assuming normal distribution for the scores,
in
(f) the number of candidates whose scores exceed 60
(i) the number of candidates whose scores lie batween 30 and 60
_Il' the mean height of an Indian police inspector be 170 cm with variance 25 em?, how muny
inspectors out of 1000 would vou expect :
(1) between 170 cm and 180 em (i7) less than 160 ¢m?
Th: marks obtained by a ].nr!:o group of students in a final examinalion in stotistics have a meon
01: uB_ami s standard deviation of 8.5 Assuming that these marks nre upproximately normally
ﬁs&;butnd. what percentage of the students can be expected to have obtained marks from 60
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-as found to be normally distributed with y,
7. The income of a group of lﬂ.ﬂm P""ﬁ"g::“. that of this group about 85% had incom, W »
p.m. and standard devi_aunn = .r wn;ding ¥ 832, What was (o dowent dnctins ﬂmongel:
? 668 and only 5% had income €X:€ (UP.T.U. 2005; P.1op; o: Fiche,
1007 3 Lo,
8 Innnarmal distribution, 7%of the items “: under 35 and 89% are under G3. What 4re the !
— and standard doviation of the distribution s (ly distrib ; -
9. Let X denote the number of scores on u test. If X is normally distributed with mu,, 109
s LAC A faRo\e B bability that X dues not exceed 130. a
standard deviation 15, find the proba t)h S il hoah sl e ity
. t GHDHEG'hatt ¢ number ol te cals mo ol 'ii‘l

s tl::::nﬁ::‘l‘t: {):“:Tolh: I}J;smf’:lid 4 p.m. have s mean of 352 and a standard deviatiop of ;lee‘?h
porcontage of the time will there be mare than 400 telephone calls made in this mm,;,uh
between 3 pm.and 4 pm.? ) . o

11. Students of a class were given & mechanical aptitude test. Their marks were foupg o,
normally distributed with mean 60 and standard deviation . What per cent of studepts oy

(f) more than 60 marks? (if) less than 56 marks? d
(iii) betwoen 45 and 65 marks?

12. In an examination tuken by 500 candidates, the average and the standard doviation gf marg

obtained (normally distributed) are 40% and 10%. Find approximately
(i) how many will poss if 50% is fived as a minimum?

(i) what should be the minimum il 330 candidates are to pass?

(112) how many have scored marks shove 60%?

13. In a distribution exactly normal, 9.85% of the items are under 40 and 89.97% are under ¢
What are the mean and standard deviation of the distribution? (P-T.U Dee, 3y

14.  The income distnbution of workers in a certain factory was found to be normal with megy ,
Rs. 500 and stundard deviation of Rs. 50. There were 228 workers getling above Rs 60 f‘;n:
many workers were there in all? '

16. The moan lns!dl*_uhnn}otornl'a sample of 500-washers produced by a machine is 5.02 mm and th
standard deviation is 0.05 mm. The purpose for which these washers are intended allows,
i e e s S s i

. De : ercentage of defective washors t :
the dismeters are normally distributed. produced by the machine, assumiy

16.  Fit a normal curve to the fullowing distribution:

2 4 i 8 10
(: | 4 6 4 1
(M.D.U. Dec. 2008, May 201)
Answers
L. (001359 i i4
ok et (t) 0.0581 (iif) 0.64
() 0.2877 () 06826
2 7 o (vi) 0.3174
{I) 0.!653 (u') 031?4 Zbs
3. 300 & {982 (1) 0.7231L () 0.0013
5. () 477 g (i) 533
(i) 23
7. Rs. B66.50 8. 1=503, =10 6. 30.67%
8. 09772 Rl
1. (D60% 10. 6.05%
i .
u) 21. s
12, (D79 :u; 35.:% (tit) 84%
13. u=15729, 0=51.05 14. 10,000 (e 11
1 1 -6 15. 23
16, y= B
Vo e
e uh, B8




